SOLUTION OF ALGEBRAIC EQUATIONS IN INFINITE
SERIES.

By PRESTON A. LAMBERT.
(Read April 25, 1908.)
I. INTRODUCTION.

1. The object of this investigation is to develop a method for
determining all the roots, real and imaginary, of an algebraic equa-
tion by means of infinite series.

2. Suppose the given equation to be represented by f(y)=o.
The method consists in introducing a factor # into all tha terms but
two of the given equation; expanding y, which now is an algebraic
function of #, into a power series in ' ; placing » equal to unity in
this power series. The resulting value of ¥, if convergent, is a root
of the given equation expressed in terms of the coefficients and expo-
nents of the equation.

3. The method presupposes the solution of the two-term equation

ay® 4 b==o0.

In fact the roots of this equation when written in the form
1/ .
"= — — = 7(cos € + 7sin )
a

are found to any required degree of approximation from the formula

%( 2sm+ 60 .. 2swm4 6
y=r"{cos p +zsmT)

)

where
§=0,1,2,3,4, -+, —1.

4. The method proceeds step by step from the two-term equation
to the three-term equation, from the three-term equation to the four-
term equation, and so on.
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II. THE THREE-TERM EQUATION.
5. In the three-term equation
ay" +by*+c=o
the two terms from which the x is to be omitted can be selected in
three different ways. This gives rise to the three equations

(1) ay* -+ by*x +c=o0
(2) ay™ - by* 4-cxr =0,
(3) ay"x +by*+ c=o0

each one of which defines y as an algebraic function of x.
6. Values of y expressed as power series in 4 may be found from
" each one of these three equations by any one of the following three
methods, which, however, are essentially the same.
7. The Multinomial Theorem.—Assume that the power series
foryis
(4) Y =10+ D1¥ 4 p22° + pu® + ¥t + oo,
The multinomial theorem asserts that the coefficient of %" in the
expansion of y* is

|
(5) m] POIIoplqtpzqz R ,p.%x111+241+3%+ e 8q,
provided 1
(6) 9 +29, 43¢+ - S =7
(7) Qo+ 1+ gt gg=mn.

The expansion of y* is obtained in like manner.

Assuming that the power series (4) represents the algebraic
function defined by equation (1), the substitution of the expansions
of y™ and y* in equation (1) must give an identity. This identity is

o=ap; +an_p3—1?1[x+mz(n 1) 2‘ +a71(7z 1 \n—2) P PRI
o 1z g
+anpi'p, +an(n—1)p2 7%, £,
8) +okpTA +angy7'p,

b e
PHEZD) pospy

L é;ép"“
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In this identity the coefficient of each power of # equals zero.
Hence p, is the root of the two-term equation

apy 7+ c=o.

The coefficient of the first power of x equated to zero determines
p, uniquely in terms of p,; the coefficient of #2 equated to zero deter-
mines p, uniquely in terms of p, and p, ; in general, the coefficient of
8 equated to zero determines p, uniquely in terms of py, py, po -
psi. All the successive coefficients of the power series (4) are
therefore determined uniquely in terms of p,, any one of the roots
of the two-term equation ap,” + c=o.

The power series representing the algebraic functions defined
by equations (2) and (3) are determined in precisely the same man-
ner. Unfortunately if the coefficients of the power series are deter-
mined in this way it is difficult to recognize the law which will
enable one to write the general term of the power series, which is
necessary for the application of a convergency test.

When x is made unity, the equations (1), (2) and (3) become
the three-term equation

ay" + by c =0
and the power series, if convergent when # = 1, becomes the solution
of this equation.

If it is known in advance that some one of equations (1), (2),
(3) furnishes a power series which is convergent when # =1, the
multinomial theorem determines in an elementary and direct manner
the coefficients of the power series.

8. Maclaurin’s Series.—The algebraic function y defined by the
equation

ay" -+ by*x 4 c=o
can be expanded into a power series in x# by means of Maclaurin’s
series ’
dy, ¥* d,

(9) = +@9x+——+——+---
9 7= dx,” = dtg B2 RT3

The expansion is identical in form with the expansion obtained’
by means of the multinomial theorem and consequently has the same
disadvantage.
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9. Lagrange’s Theorem.—The equation

ay® + by*x + c¢=o0
may be written

c b :

(IO) J’='—(-t—x;}/.

Placing y" =z, whence y =2/, this equation becomes

c b B
(11) z=—;—xl—lz”.

Lagrange’s theorem asserts that if

s— v+ 14 (3)

S =F(0) + 2b@F () + —s - F L@} +-
(12) e
+ 1 i (9@ S @)} -
If now

1
f& =, )= =2z,
and after the derivatives in series (12) have been formed v is replaced
by — ¢/a, there results, making # unity,
1 c\l b c\ 1t 62 c\ 142
Form () st ()
143k

(13) + 53343(1 + 3% — n)(1 + 3% — 27) (__) "

4 144k

b
+ '”44(1+4/é—7z)(1+4é-—2n)(1+4k—3n)(—— I R

In series (13) the law of formation of the successive terms is
evident and this law is readily proved by induction by using La-
grange’s theorem.

Series (13) may be more concisely written by placing

c\L
: (=2 =2

so that ¥, is a root of the two-term equation
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ay,® + c=o,
and denoting the continued product

(1+sk—n)(1+sk—2n)(1+sk—3n)---[1 4+ sk— (s—1)n]
by :

14-sk—n ]
(14) [I +sk—snd
With these conventions series (13) becomes
2

b / .
y=y,+ ;Z_J/(,Hk = 21788 [1+ 24— ;z]yo““”‘

@ 1434—277 14 &t 14+4—27 o
(15) +3 ! nﬁj[l +3,é—-3il]'y0 i +4! n"‘c‘[l +4,é—4ﬂ]y° i

I/ 14 sk—n e
s!n"c‘[1+s,é—su]y° el

If series (15) is convergent, it will furnish a root of the three-
term equation

-+

ay*+ byt +c=o ‘
for each one of the » values of y,.

10. To test series (15) for convergency write the first # terms in
regular order in a row, underneath this row the succeeding # terms
and so on indefinitely. The terms of series (15) will now be arranged
in n columns as follows:



w(1—us)—7(1—2s) 41 [y—us?i—wsté | (1—25) we(1Fas)—7( 1 268) + 17 e ? ppuste  (14-25) H#S—71es 1 Justuste  (25)
e e sy SO [ et = U

~:|=:+_§\_H

0 aﬁTlﬁmvl.wclnﬁmy._]uu_ﬁlenu_lznam (r—€) 0 NATT:NVI»&ATTQNV+nu—_+§u.+§§ i(1tuz) | 0 —”Nl§\u\|&:u+mu_§]u§§ :.n«uwv
1(1—ug)+1 A._H w—y(1—u€)+1 - + - Faarun u—y(14uz)+1 ) Fauz14] w—yuzt1 el aF

w4l 1—12) 9 (1—107) 1 a1t (1—02) | e(1b )~ (1 ) 1 g e 1 (1 #) g 1o

.:mléia\w_.” u-—y(1—uz)+1 H__. . wlg% En .+5+5+~e\w_ﬂ u—y(1+4#)+x “—ﬁ . 1&@ ) +§+_o\ﬁ_H=lﬁT_x]~.H_ ud +
wl1—u)—g(1—u)+1 7 (—u?—utt | (1—2%) o

Elsi.s\_w w—7 (1 —w) +1 ._ s +...+*+~o\nﬂ+ °f (91)
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This rearrangement of the terms of series (15) into the # col-
umns of the table is permissible, inasmuch as throughout this inves-
tigation only absolute convergence is considered.

Cauchy’s ratio test shows that each one of the »n partial series
composed of the terms in each of the 22 columns of the table is con-
vergent when

’ o n"
(17) P H(n — k"

11. In like manner, if the algebraic functions defined by the
equations

(2) ay" + by 4 cx =0
(3) ay"s + by*+c==o0
are expanded into power series in # by Lagrange’s theorem, and if
« is made unity in this power series, it is found that the resulting
infinite series are convergent, provided

O "
(XS) akcn—k> kk(” — é)n—k’

12. If condition (18) is satisfied, equation (2) determines n—£k
and equation (3) determines k roots of the three-term equation
ay™ -+ byk -+ c=o.
Either condition (17) or condition (18) must be satisfied, unless

o "
(19) ao—r ék(n - lé)n—k’

If condition (19) is satisfied, Raabe’s test shows that the series
obtained from equations (1), (2), (3) are all convergent.

13. The convergency conditions for equations (1), (2), (3) may
be written by following these directions:

(@) To the left of the sign of inequality stands a fraction whose
numerator contains the coefficient of the middle term of the three-
term equation

ay" + byt 4 c=0
and whose denominator contains the product of the coefficients of
the end terms, the exponent of each coefficient being the difference
of the exponents in the other two terms taken in order from left
to right.



118 LAMBERT—SOLUTION OF ALGEBRAIC EQUATIONS  [April 25,

(b) The fraction to the right of the sign of inequality is obtained
from the fraction to the left by replacing each coefficient by its
exponent.

(¢) The sign of inequality is < when the term containing # is
between the other two terms; if the term containing # is an end term
the sign of inequality is >.

14. The following table exhibits the convergency conditions for
the series obtained from equations (1), (2), (3) and the number of
roots of the three-term equation

ay* +by*+c=o
furnished by each one of these series.

o 7"

(I) ay + Wxr+c=o0 7" A= k"(;z ,{)ﬂ_,”
(20) ) @y +&*+cx=0 n—4k { P -
(3) ﬂ]/nx + &yk + c=0 k ﬂ—k kk(” 'é)n—lc‘

The roots of the three-term equation can always be expressed
in infinite series.

III. TueE Four-TERM EQUATION.
15. In the four-term equation
ay" +by* + ¢yt +-d=o
the two terms from which the factor a is to be omitted can be
selected in six different ways. This gives rise to the six equations:

(21) ay" 4+ bykx L cyly + d=o0
(22) ay" + by* + cylx +dxr=o0
(23) ay"x + by* + cylx +d=o0
(24) ay"v + by* + cyt +-dv=o0
(25) ay"y + by*x +cy' - d=o0
(26) ay" + bykxr + cyt + dr=o0

Each one of these six equations defines y as an algebraic func-
tion of #. The y of equation (21) may be expanded into a power
series in # by any one of the three methods of articles 7, 8, 9.
Using the symbol (14) and denoting (—d/a)*/* by ¥,, this power
series, when # is made unity, becomes
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16. The infinite series composed of the terms of the left-hand
column of the value of y is convergent when ]

(£5) a"Z’ = A (n f yx’
and if condition (28) is satisfied this infinite series furnishes the
solution of the three-term equation
(29) ay" + byt +d=o.
It is found that each one of the infinite series composed of the

terms of the respective columns of (27) is convergent when (28) is
satisfied. It follows that (27) may be written

c a c3
(209) =X+ w]’ol)(l + ”—zzﬂ’oqu + ;azsﬂ’oale G 90 2

where X, X,, X,, X,, ---, stand for the sums of convergent series.
If now X is the largest of the numbers X,, X,, X,, X,, ---

» ¢ & ("
(30) }’EX(I +E.yol+;z‘2*d—2'yozl+;3;?3yoal+"'))
and this last value of y is convergent when
¢ !
(31) wyo <L

Affecting both sides of this inequality by the exponent #, this con-
vergency condition may be written

n

¢
(32) gy < n

17. Conditions (28) and (32) are sufficient for the absolute con-
vergence of (27). Condition (28) shows that the series which
determines the roots of the three-term equation

(29) ay* +by* +d=o0
is found from
(33) ay” + byx + d=o.

The columns of (27) after the ‘first are the corrections which
must be applied to®the roots of the three-term equation (29) to
obtain the roots of the four-term equation

ay* + by*+cy! +d=o
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18. If the two terms in the second row of (27) are interchanged
and the consequent changes are made throughout (27), the left-
hand column in the resulting value of y is convergent if

N

c

n

n

=

(34) aldn—l_ll(” e l)n—l’

and the entire expression for y is convergent if in addition
én

(3 5) o <L "

Conditions (34) and (35) are sufficient for the absolute conver-
gence of the new series for y.

Condition (34) shows that the series which determines the solu-
tions of the three-term equation

(36) ay" +cyl +d=o0
is found from
(37) . ay® 4 cylwx 4 d=o.

This series is the left-hand column of the value of y.

Condition (35) shows that the series of corrections which must
be applied to the roots of the three-term equation (36) to obtain
the solution of the four-term equation

ay* + by* + ¢yt +d=o0
is convergent.

19. From equation (21) by omitting in succession each of the
terms containing # are obtained the equations

(33) ay" + byx +-d=o0
(37) ay* + cylx - d=o0 '

The convergency conditions (28) and (34) may be written from
equations (33) and (37) respectively by following the directions
(a), (b), (¢) of article 13.. The left-hand members of the condi-
tions (32) and (35), together with the character of the signs of
inequality, may be written from equations (37) and (33) respec-
tively by following the same directions. The right-hand member
of conditions (32) and (35) is formed by writing the difference of
the exponents of the two terms of (21) which do not contain » and
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giving this difference an exponent equal to itself. It will be found
that when the sign of inequality is > in convergency conditions
corresponding to conditions (32) and (35) the right-hand member
is the reciprocal of what it is when the sign of inequality is <.

20. In like manner two sets of conditions sufficient for the abso-
lute convergence of the infinite series giving the roots of the four-
term equation obtained from each one of the equations (21), (22),
(23), (24), (25), (26) may be written.

The convergency conditions for all these infinite series may be
taken from the following table, in which the signs of equality of
the limiting conditions of convergence have been omitted.

on n mn—t ck
(38) = | e Far
(21) ayrtbyketcpiatd=o < < o
(22) byt opatde=o | > > (n—k)r*
(23) aymxtbyrtofetd=o| > ' < =
(24) ay"xtby*tcyitdx=o > > (£—2)%7
(25) ayx+bytx—tcpt-t-d—=o > > n
(26) ay+byhxtcyitdr=0 < > (n—t)n

nn " (n—2)n—t Vi

B (n—keyr*| W (n—1)w=t | (h—1 )Y (n—tt) "% | Pl

In this table the signs of the two inequalities which constitute
the convergency conditions of the series obtained from the equa-
tions (21) to (26) are placed to the right of the respective equations.
The left-hand member of each inequality is at the top of the column
in which the sign of inequality stands. The right-hand member of
one inequality must be taken at the bottom of the column in which
the sign of inequality stands; the right-hand member of the second
inequality is the expression at the right of the row in which the
sign of inequality stands when the sign of inequality is <, when the
sign of inequality is > the right-hand member of the inequality is
the reciprocal of this expression.

21. The following table exhibits one set of convergency condi-
tions of the infinite series which give the roots of the three-term
equation

ay" +by* +d =0
together with the equations from which these series are derived and
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the number of the roots given by each series, and also the conditions
sufficient for the absolute convergence of the series of corrections
which must be applied to the roots of this three-term equation to
obtain the roots of the four-term equation

ay" +by* + cy' + d=o.

bn 61: &n—l £k
(39) : Py = ddi—t | k| gkt
I ay'+&yxr+d=0| n < <
ay"+6y*+dx=0 | n—#k > >
ay x+byf+d=o| £ > <
n" 1
g Ny no | 2
Poa—y=| " =] *

22. The substitution
(40) y=2"
where s is a positive integer, transforms the four-term equation
ay" + byt +cyt +d=o
into the four-term equation
(41) az"® + bg*s 4 czlt - d=o.
The table of convergency conditions for equation (41) corre-
sponding to table (39) is

@) | G |6 ) [

I az™+4-b63%cr+d=0| ns < <
I az™+ 02+ dx=0|ns—Fks > >~
£ { az¥xr+ 65" +d=0| ks s

The three-term equations
ay" + by*+d=o0
az"® 4+ bk - d=o

for all values of s have the same convergency conditions.

H——”"._; d an r . k sk
(é"(ﬂ—k)”"‘) (s72) m (%)
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I1f the inequality
c" 13
;llam—l <7

of table (39) is not satisfied, it is always possible to take s suffi-
ciently large so that the corresponding inequality
C"

_a_l:_in_—1< st
of table (42) will be satisfied.
In like manner, if the inequalities

o ]\ln ot I ¢ ya
akdr—* >'€,k(” i 'é)n_k» k=it > (” - ,é)n—ks Bd—" <

of table (39) are not satisfied simultaneously, it is always possible
to take s sufficiently large so that the corresponding inequalities of

table (42)
5" " b= 1 &
akdn—k > '{?k(ﬂ 1 /é)n—-k ’ ak—l‘.n—k > J‘ﬂ_k(ﬂ . k)n—k » 5ldk_

| < ShEE

will be satisfied simultaneously.

To the convergency conditions of table (42) must be added the
limiting convergency conditions obtained by replacing in the first
column of inequality signs of table (42) each inequality sign by the
equality sign.

It follows that it is always possible to determine s so that all the
roots of the four-term equation

(41) az"® 4 bks 4 czle L d=0
may be derived from the roots of the three-term equation .
(42) az"s 4 bk - d=o.

The roots of the four-term equation
| ay" 4 by* + eyt + d=o0
are found from the roots of equation (41) by substituting in
(40) y=2z.
23. While table (42) shows the possibility of expressing all the
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roots of equation (41) in infinite series, the method of article (22)
requires the determination of the ns roots of equation (41) to find
the » roots of the four-term equation

ay® + by* + ¢yt +d=o.
This method is therefore to be avoided in practice when possible.

The following table exhibits the conditions sufficient for the
absolute convergence of the infinite series which give the roots of
the four-term equation obtained from the four groups of equations.
The series obtained from each group of equations determine all the
roots of the four-term equation. The convergency conditions must
be taken from this table as in article 20, and the limiting convergency
conditions must be taken into account. ,

A less inclusive set of conditions sufficient for the absolute con-
vergence of the series which give the roots of the four-term equa-
tion derived from the groups of equations of table (43) is obtained
.by taking the second member of eaclt inequality from the bottom
of the column in which the sign of inequality stands.

o % e I
(43) Fa | Qg e T
I artéyix+tcpbat-d=o| = < < n*
ot { -+ by*t-cytx+ dx—=o0 n—=k > > (n—k)n*
ayrx+-byk+-cyix-Ld—o | £ > < ya
I { ay+-by*x+ cyt+-dx—o \n—/ > < I (n—2)n7
ay"x+by¥x+cyt+t-d—o| 1 > > n
ayt byt oyt dr=o [n—k > > (n—A)*
v { ay"x+-by*+-cyt dx=o |k—I > > (f—=2)*t
ay"x+bykxtcy'+d=o| / > > 2
fk

nn i nn (n—2)n—t
PRy [ 2y (& — L Ry H{ I (2— )

It is only when the convergency conditions of the groups I, II,
III, IV, together with the corresponding limiting convergency con-
ditions fail simultaneously that the use of equation (41) becomes
necessary.

IV. TuE Five-TERM EQUATION.

24. In the five-term equation
ay" +- byt + cy' +dy™ + =0
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the two terms from which the factor # is to be omitted can be selected
in ten different ways. This gives rise to the ten equations:

(44) ay" + by*x +cy'x + dy"x +l=o0
(45) ay" + by* + cytx + dymx 4 lx =o0
(46) ay" + by*x + cy' + dy™x 4 lr=o0
(47) ay" + by*x + cy'x 4 dy™ 4 lx=o0
(48) ay"x + by* + cy' + dy™x 4 lx=o0
(49) ay"s + by* + cylx 4 dy™ + lx=o0
(50) ay"x + by*x + ¢yt 4 dym - lx=o0
(51) ay"x + by* + cytx + dy™x - l=o0
(52) ay"x + by*x + cyt + dymx 4 l=o0
(53) ay"x + by*x + cy'x + dy™ - l=o0

Each one of these ten equations defines y as an algebraic func-*
tion of # which may be expanded into a power series by any one of
the methods of articles 7, 8, 9.

25. The terms of the power series expressing the value of the
algebraic function defined by equation (44), using the symbol (14)
and placing y,= (—{/a)*/", when « is made unity, may be arranged
as follows:
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26. The first group of terms of (54) is the infinite series which
gives the solution of the four-term equation
ay" 4 by* + cy' +1=o0
obtained from the equation
’ ay" 4 by*x ++ cylx 4+ l=o0
provided the conditions

o n* &8 J
3 3 n
e < kl»(”_k)n—kl a7

are satisfied.
The second group of terms has the common factor

= gm °
e;zy"’

and the successive groups of terms respectively the common factors

d? a3 dt

ol | 2m __ s 3m - 4m
6,2”2.1/0 ’ €3”3yo ) 84714'70 ’

The convergency conditions of the successive groups of terms
are identical with the convergency conditions of the first group. It
follows that (54) may be written
2 3

d
(535) I=Yo+ B 3+ Vo 2+ ¥, 55 75 i)

2
where ¥V, ¥V, V,, ¥y, V,, -+, represent the sums of convergent infinite
series.

If ¥ denotes the largest of the numbers ¥, V,, V,, Vs, - --

3

d a? d?
= Il m LI 2m i . 3m . g
(56) y_y(l_*-my" +32n2y° Taale T )
The series (56) is convergent provided
7
(57) = T <

en
If both members of the inequality (57) are affected by the exponent
n, condition (57) becomes

ar -
(58) pry= R

“The conditions sufficient for the absolute convergence of (54) are
therefore
























